We consider cones over manifolds admitting real Killing spinors and instanton equations on connections on vector bundles over these manifolds. Such cones are manifolds with special (reduced) holonomy. We generalize the scalar ansatz for a connection proposed by Harland and Nölle [1] in such a way that instantons are parameterized by constrained matrix-valued functions. Our ansatz reduces instanton equations to a matrix model equations which can be further reduced to Newtonian mechanics with particle trajectories obeying first-order gradient flow equations. Generalizations to Kähler-Einstein manifolds and resolved Calabi-Yau cones are briefly discussed. Our construction allows one to associate quiver gauge theories with special holonomy manifolds via dimensional reduction.
Introduction
Instantons in four dimensions [2] are nonperturbative Bogomolny-Prasad-Sommerfeld (BPS) configurations solving first-order anti-self-duality equations for gauge fields which imply the full YangMills equations. They are important objects in modern field theory [3, 4] . Generalization of YangMills instantons to higher dimensions, proposed in [5] and studied in [6] - [12] (for more literature see references therein), is important both in mathematics [10, 11] and string theory [13, 14] . Some of their solutions on spaces R n with n>5 were obtained in [6, 15, 16] . Constructions of solutions to the instanton equations on more general curved homogeneous manifolds as well as on cylinders and cones over them were considered in [17, 18] . The construction on coset spaces, many of which admit Killing spinors [19] , was generalized to cones over manifolds with real Killing spinors [1] , not necessarily homogeneous (see also [20] about instantons on Calabi-Yau cones and their resolutions). All these solutions were lifted to solutions of heterotic supergravity equations supplemented by the Bianchi identity [21, 22, 20, 1, 23] .
Riemannian manifolds (M, g M ) with real Killing spinors 1 often occur in string theory compactifications (see e.g. [1, 21, 22, 23] and references therein). These manifolds were classified in [19] . Besides the round spheres they are
• nearly Kähler 6-manifolds M , SU(3)-structure
• nearly parallel 7-manifolds M , G 2 -structure
• Sasaki-Einstein (2m + 1)-manifolds M , SU(m)-structure
• 3-Sasakian (4m + 3)-manifolds M , Sp(m)-structure All these manifolds have a connection with a non-vanishing torsion and admit a non-integrable H-structure mentioned above, i.e. a reduction of the structure group SO(n) of the tangent bundle T M to H ⊂ SO(n). The above manifolds are equipped with canonical 3-form P and 4-form Q defined via the Killing spinors.
Recall that instanton equations on an (n + 1)-dimensional Riemannian manifold X can be introduced as follows. Suppose there exists a 4-form Q on X. Then there exists an (n − 3)-form * Q, where * is the Hodge operator on X. Let A be a connection on a bundle over X with the curvature F. Then the generalized anti-self-duality equation on the gauge field F is [10, 11] * F + * Q ∧ F = 0 .
(1.1)
For n + 1 > 4 these equations can be defined on manifolds X with special holonomy, i.e. such that the holonomy group G of the Levi-Civita connection on the tangent bundle T X is a subgroup in the group SO(n + 1). On such manifolds any solution of eq.(1.1) satisfies to the Yang-Mills equation. The instanton equation (1.1) is also well-defined on manifolds X with non-integrable Gstructures but then (1.1) implies the Yang-Mills equation with torsion. This torsion term vanishes on manifolds with real Killing spinors [1] .
In this paper, we mostly consider X = C(M ), where M is a manifold with real Killing spinors and C(M ) is a cone over M with the metric
From (1.2) it follows that the cone C(M ) is conformally equivalent to the cylinder
with the metric
Furthermore, one can show [1] that the equation (1.1) on the cone X = C(M ) is related with instanton equation on the cylinder Z = R × M as follows 5) where n + 1 = dim C(M ) = dim Z. In other words, eq.(1.1) on C(M ) is equivalent to the equation on R × M after rescaling (1.2) of the metric. That is why in the following we will consider the instanton equation
on the cylinder Z over M . Here we omit the index Z in the star operator. Note that components of F on the cone can be obtained from those on the cylinder simply via rescaling (1.2) .
In this paper, we generalize the results [1] of Harland and Nölle on investigating instantons on cones over manifolds with Killing spinors. First, in section 2, we collect various facts concerning nearly Kähler, nearly parallel G 2 , Sasaki-Einstein and 3-Sasakian manifolds M following mainly the description in [1] . We describe metrics on M , canonical connections and various q-forms (q = 1, 2, ...) as well as their extension to the cylinder Z = R × M . Then, in section 3, we introduce an ansatz for a gauge potential A which reduces the instanton equation (1.6) on R × M to a matrix equations on R. Resolution of natural algebraic constraints on the matrices yields further reduction to a set of first-order equations on functions depending on τ ∈ R. These equations are gradient flow equations describing BPS-type trajectories in Newtonian mechanics of particles moving in R N , where N is the number of functions parameterizing matrices in the ansatz for a gauge potential A. Solutions to these equations give instanton solutions of the Yang-Mills equations on R × M and their extension to the cone C(M ). Finally, in section 4, we discuss some generalizations of our construction allowing one to associate quiver gauge theories with such special holonomy manifolds as Kähler-Einstein manifolds and resolved Calabi-Yau cones.
Manifolds with Killing spinors

Nearly Kähler 6-manifolds
Consider the cylinder (1.3) with the metric (1.4) , where M is a nearly Kähler 6-manifold. It is defined as a manifold with a 2-form ω and a 3-form P such that dω = 3 * M P and dP = 2ω ∧ ω =: 4Q . Here * M denotes the Hodge operator on M . On Z one can introduce the 4-form 4) which is used in the instanton equation (1.6) .
The canonical connectionΓ on M , which is a metric-compatible connection with totally antisymmetric (intrinsic) torsion, has SU(3) structure group. This connection has components 5) where Γ c ab are components of the Levi-Civita connection and 2.6) are components of the torsion T a = 1 2 T a bc e b ∧ e c defined from the Cartan structure equations
for basis 1-forms e a .
Note that the structure group of M is SU(3) (or its subgroup) and P induces a G 2 -structure on Z since SU(3)⊂ G 2 . Recall that g 2 = su(3) ⊕ m, dim m = 6, and one can define the generators of G 2 as 7×7 matrices from so(7) with the commutation relations 8) where I i ∈ su(3), I a ∈ m and f 's are structure constants of g 2 . One can choose [1] (2.9) and obtain
Introducing µ = (0, a), we can denote matrices in (2.9) as I µ iν and I µ aν . The extension of the canonical connectionΓ to Z has the same components (2.5) and can be written as 2.11) with I i given in (2.9).
Nearly parallel G 2 -manifolds
Let us consider the cylinder (1.3) over a nearly parallel G 2 -manifold M . It is defined as a manifold with a 3-form P (a G 2 -structure) preserved by the group G 2 ⊂ SO (7) such that dP = γ * M P (2.12)
for some constant γ ∈ R. For a local orthonormal co-frame e a , a = 1, ..., 7, on M one can choose It is easy to see that for the choice (2.13) one obtains dP = 4Q, i.e. γ = 4. The 4-form Q Z on Z can be chosen similar to (2.4) as
This form defines a Spin (7)-structure on Z.
One can define generators of the group Spin (7) via the structure constants f k ij , f b ia and f c ab of the group Spin (7) by using the decomposition spin(7) = g 2 ⊕ m, as 8×8 matrices
The generators I i , I a have the same form as in (2.9) but with structure constants f 's of Spin (7).
The canonical connectionΓ on M is not changed after its extension to Z and has the components
Sasaki-Einstein manifolds
Consider now the cylinder (1.3) with the metric (1.4) , where M is a Sasaki-Einstein manifold. It is a (2m + 1)-dimensional manifold such that the cone C(M ) with the metric (1.2) is a CalabiYau (m + 1)-fold [24] . Such manifolds M have the structure group SU(m) ⊂ SO(2m + 1) and the holonomy group of C(M ) is SU(m + 1). Sasaki-Einstein manifolds are endowed with 1-, 2-, 3-and 4-forms η, ω, P and Q, which can be defined in an orthonormal basis e 1 , e a , a = 2, ..., 2m + 1, as
One can check that η ω = 0 and
The metric on Z has the form (1.4) with (2.20) Note that for the value of h such that
the torsion of the canonical connection on M (and on Z) becomes antisymmetric [1] , but we keep the one-parameter family (2.20) of Sasakian metric including the case h = 0 when the metric is Einstein. Components of the canonical connectionΓ arẽ 22) where µ = (1, a) and the torsion ofΓ is 24) where P and Q are given in (2.18) .
25)
ab , where f b ia , f 1 ab and f b 1a are parts of the structure constants of su(m + 1). In terms of these matrices the canonical connectionΓ on M pulled-back to Z can be written as
3-Sasakian manifolds
Let us now consider the cylinder (1.3) over a 3-Sasakian manifold M . It is defined as a (4m + 3)-dimensional manifold such that the cone C(M ) over it is a hyper-Kähler (4m + 4)-manifold [24] , i.e. the holonomy group of C(M ) is Sp(m + 1). The structure group of M is Sp(m) and any 3-Sasakian manifold can be endowed with three 1-forms η α , three 2-forms ω α , a 3-form P and a 4-form Q, α = 1, 2, 3 [24] . In a local orthonormal co-frame e α , e a , a = 4, . . . , 4m + 3, these forms can be written as 
The forms η α and ω α satisfy the equations
We introduce indices µ = (α, a) and µ = (0, µ) = (0, α, a). Using the splitting 29) one can introduce generators I i = (I µ i ν ) ∈ sp(m) and I a = (I µ a ν ) ∈ m of the group Sp(m + 1) as matrices from so(4m + 4). One can take them so that non-vanishing components are [1] Note that the metric on Z = R × M has the form (1.4) with a one-parameter family
of metrics on M . The 4-form Q Z can be chosen as
In terms of the matrices (2.30) the canonical connectionΓ on the cylinder Z over a 3-Sasakian manifold M can be written asΓ
It is related with the Levi-Civita connection Γ by formulae (2.35) which is antisymmetric for the choice exp(2h) = 2 in the metric.
Instantons in higher dimensions
Reduction to matrix equations
Recall that for all cases of manifolds M considered in section 2 the instanton equation on the cone C(M ) is equivalent to the equation
on the cylinder Z = R × M with the metric g Z = dτ 2 + g M . The explicit form of the 4-form Q Z on Z was written down for all cases in section 2. Let us denote by G the holonomy group 2 of the Levi-Civita connection on C(M ) and by H the structure group 3 of the canonical connectionΓ on M (and also on Z). For the Lie algebras g = Lie G and h = Lie H we have
where m is an orthogonal complement of h in g. Let e 0 = dτ and e µ be an orthonormal basis of T * Z. Then e µ form a basis of T * M ⊂ T * Z and their linear span can be identified with the vector space m.
Consider the generators
acting on the space V of an irreducible representation of G. These generators satisfy the same commutation relations as the generators I i , I a . In section 2 we wrote down the realization of these generators via the embedding g ⊂ so(n+1) with n+1 = dimZ as acting (via infinitesimal rotations) on tangent spaces of Z. For this special representation we omit hats and note thatΓ =Γ i I i is the canonical connection whose curvaturẽ
satisfies the instanton equation (3.1) (see [1] ).
Note that instead of tangent bundle T Z one can consider an arbitrary vector bundle V → Z with the structure group G such that fibres are representations V (real, complex or quaternionic) of the group G. For simplicity, we consider irreducible representations V of the group G. The bundle V → Z is associated with the principal bundle P (Z, G). Since H is a closed subgroup of G, it also acts on fibres of V, but in general after restriction to H ⊂ G the representation V decomposes into a sum of irreducible representations V qr of H such that V = ⊕ r V qr . We denoted the generators of the group G in the representation V asÎ i ,Î µ , whereÎ i ∈ h andÎ µ ∈ m for the splitting (3.2) . Consider a connection Γ :=Γ iÎ i (3.5) on the bundle V. In general, it is a reducible connection. HereΓ i are components of the canonical connection on the tangent bundle T Z. It is obvious that the curvature R = d Γ + Γ ∧ Γ of Γ also satisfies the instanton equation (3.1).
Let us consider matrix-valued functions X µ (τ ) ∈ End(V ) and introduce a connection 3.6) on the vector bundle V → Z. Note that for matrices X µ depending on all coordinates of Z, (3.6) is a general form of a connection on the bundle V → Z. For X µ depending only on τ , the instanton equation (3.1) will be reduced to ordinary differential equations on matrices X µ .
Recall that
where f µ iν are structure constants from (3.3) . From (3.6) and (3.7) it follows that (3.8) whereẊ ν = dXν dτ . Note that R = d Γ + Γ∧ Γ satisfies to eq.(3.1) and F solves the instanton equation (3.1) on Z if there are satisfied the following matrix equations: 10) Here N σ µν are some constants which we shall specify below for each case, N i are some v(h)-valued functions defined by eqs.(3.10) after resolving the algebraic constraint equations (3.9) and substituting their solutions X µ into (3.10). Here v : g → End(V ) is a representation of g. For X µ satisfying (3.9)-(3.10), we have 11) where the term with f i µν also satisfies (3.1) due to properties of f i µν and the last term withẊ σ satisfies (3.1) for choices of N σ µν specified below for each considered case. Note that the constraint equations (3.9) for some examples of groups G and H were discussed and resolved e.g. in [25, 26] in the context of the equivariant dimensional reductions on coset spaces G/H. For special cases of the ansatz (3.6) instanton solutions were obtained e.g. in [17, 18, 1] . Peculiar property of such τ -dependent solutions is that they can be lifted to gauge 5-brane solutions of heterotic supergravity equations as was shown e.g in [20, 1, 23] .
Reduction for nearly Kähler and nearly parallel G 2 manifolds
Consider a manifold M which is nearly Kähler (dim M = n = 6) or nearly parallel G 2 (dim M = n = 7). For both cases µ = a = 1, ..., n with n = 6 or n = 7. Note that the 2-forms e 0a − 1 2ρ P abc e bc (3.12) solve the instanton equation (3.1) on Z = R × M for Q Z and P given in section 2. Here ρ = 2 for n = 6 and ρ = 3 for n = 7. The generatorsÎ a introduced in (3.3) are images of the 2-forms (3.12) under the metric-induced isomorphism Λ 2 Z ∼ = so(7) ⊃ g 2 ⊃ m for n = 6 and Λ 2 Z ∼ = so(8) ⊃ spin(7) ⊃ m for n = 7.
For both the nearly Kähler and nearly parallel G 2 cases we have (3.13) where N a bc are defined by comparing the components of F in (3.11) and the explicit form (3.12) of (parts of) anti-self-dual forms on Z. Thus, we obtain the following matrix equations: (3.15) Substituting the ansatz X a = φÎ a with a real function φ(τ ), we see that (3.14) are satisfied and (3.15) are reduced to the equationφ = 2φ(φ − 1) (3.16) obtained in [1] and for N i we obtain N i = φ 2Î i . More general equations can be obtained by choosing more general solution of the constraint equations (3.14) . Such solutions for different choice of groups G and H were discussed e.g. in [25, 26] . Constructing solutions to eqs. (3.9) , (3.10) goes beyond the scope of this short article. This task will be considered elsewhere.
Reduction for Sasaki-Einstein manifolds
Consider Z = R×M with a Sasaki-Einstein manifold M . In this case µ = (1, a) with a = 2, ..., 2m+1 and the 2-forms e 01 − 1 m + 1 ω ab e ab and exp(h)(e 0a + ω ab e 1b ) (3.17) solve the instanton equations (3.1) with Q Z given in (2.24) . From (2.23), (3.8) and (3.17) we obtain
Substituting (3.18) into (3.9)-(3.10), we obtain
If we choose X 1 = χÎ 1 and X a = ψÎ a then (3.19) are satisfied, for N i we obtain N i = ψ 2Î i and (3.20)-(3.21) are reduced to the equationṡ 3.22) coinciding with those obtained in [1] . Note that (3.22 ) is a gradient flow equatioṅ
for the metric on R 2 of the form
2 with x 1 := χ and x 2 := ψ [1].
Reduction for 3-Sasakian manifolds
For Z = R × M with a 3-Sasakian manifold M we have µ = (α, a), α = 3.25) with other components vanishing. Substituting (3.24)-(3.25) into (3.9)-(3.10), we obtain
If we choose the ansatz X α = χÎ α and X a = ψÎ a then (3.26) will be satisfied identically, from (3.28) we obtain N i = ψ 2Î i and (3.27)- (3.28) reduce to the equationṡ 29) where the last algebraic equation follows from (3.28) . These equations coincide with those obtained in [1] . Thus, our ansatz (3.6) which leads to matrix equations (3.9)-(3.10) generalizes the "scalar" ansatz of the paper [1] and allows one to obtain more general instanton solutions. However, obtaining explicit instanton solutions lies beyond the scope of our paper.
4 Generalizations: quiver bundles
Smaller groups H
Recall that we considered nearly Kähler, nearly parallel G 2 , Sasaki-Einstein and 3-Sasakian manifolds M with the structure groups SU(3), G 2 , SU(m) and Sp(m), respectively, following to Harland and Nölle who considered in their ansatz [1] exactly the above groups with generators in the defining vector representation of the group SO(n + 1) ⊃ H, i.e. V = R n+1 with n = 6, 7, 2m + 1 and 4m + 3, m = 1, 2, ... . However, the group H can be smaller than the above-mentioned Lie groups, i.e. often H lies inside the group SU(3), G 2 , SU(m) and Sp(m), respectively. In this case, the constraint equations (3.9) become weaker and allow more degrees of freedom in matrices X a . For instance, for the nearly Kähler coset space
the structure group is H = U(1)×U (1) that increase the number of functions parameterizing the ansatz (3.6) even for vector representation V = R 7 ∼ = R ⊕ C 3 with g 2 ⊃ su(3) = u (1)⊕u (1)⊕m. Writing the ansatz (3.6) in terms of su (3)-valued matrices X a , one can resolve (3.9) as
where φ 1 , φ 2 , φ 3 are complex-valued functions of τ and the generators I 7,8 of the subgroup U(1)×U (1) of SU (3) are chosen in the form
Substituting (4.2) into (3.15), we obtain equationṡ 4.4) and constraints
for a proper normalization of the structure constants. From (4.5) we see that complex-valued functions φ 1 , φ 2 , φ 3 can differ only in their phase parts. For φ 1 = φ 2 = φ 3 =: φ eqs. (4.4) reduce to eq.(3.16) on a real-valued function φ.
Reducible representations of H and quiver bundles
Similar situation takes place for nearly parallel G 2 -manifolds, where as an example one can consider the Aloff-Wallach space SU(3)/U(1) with the structure group H = U(1) (see the second paper in [18] for discussion of solving eqs. (3.14) ), and also for Sasaki-Einstein and 3-Sasakian manifolds the structure group H can be a closed subgroup of SU(m) and Sp(m), respectively. Even more freedom appears if one considers an irreducible representation V of the holonomy group G of the cone C(M ) which decomposes into a sum of irreducible representations V qr of the group H,
Here I qr i are generators of q r × q r irreducible representations V qr of H and V ∼ = C q (or R q or H q ∼ = R 4q ). If we assume that H contains a maximal abelian subgroup of G then the remaining generatorsÎ a of G in this representation have the off-diagonal form 4 . . . I 8) where I qrs a are q r × q s matrices (cf. [12] ). Thus, one can associate a bounded quiver 5 satisfying a set of relations R to the ansatz (3.6) for a connection on a vector bundle V → C(M ) over nearly Kähler, nearly parallel G 2 , Sasaki-Einstein and 3-Sasakian manifolds. In the simplest case of generators (4.7) the matrices X a solving the constraint equations are obtained from (4.8) by substituting φ rs I qrs a instead of I qrs a , where φ rs are complex functions of τ . Important fact is that the space C(M ) is not homogeneous and therefore quivers and quiver bundles can appear in dimensional reduction without G-equivariance condition studied earlier e.g. in [25, 26] . Recall that another way in which quiver gauge theories arise as low-energy effective field theories in string theory is through considering cones and orbifolds with conical singularities and placing D-branes at the orbifold singularities [28] . Our constructions can be lifted as in [23] to heterotic strings and provide a description of NS5-branes and gauge NS5-branes. It would be of interest to study further this brane interpretation and its possible relations with constructions of [28] .
Kähler-Einstein manifolds and quiver gauge theories
As another example related with quiver gauge theories we consider the manifold 9) where Σ and X are 2-dimensional and 2k-dimensional Kähler-Einstein manifolds with the Kähler form ω on Σ and Ω on X . Let Γ be the canonical u(k)-valued Levi-Civita connection on X ,
We consider U(k) as a closed subgroup of the Lie group SU(k + 1). Let V ∼ = C q be an irreducible representation of the group SU(k + 1) decomposed into a sum of irreducible representations V qr ∼ = C qr of the group U(k) as in (4.7) and V → X is a holomorphic vector bundle over X associated with the bundle P (X , U(k)) of hermitian frames on X . This bundle has the connection (4.10) which is reducible according to (4.7) , V = ⊕ r V qr .
4 If H does not contain a maximal abelian subgroup of G or there is a subgroup in G commuting with H thenÎa in (4.8) will contain diagonal terms I qrr a with r = 1, ..., ℓ. 5 A quiver Q = (Q 0 , Q 1 ) is an oriented graph, i.e. a set of vertices Q 0 with a set Q 1 of arrows between the vertices (see e.g. [27] ). A path in Q is a sequence of arrows in Q 1 which compose. A relation of the quiver is a formal finite sum of paths. In our case vertices correspond to vector bundles Vq r with fibres Vq r and arrows correspond to morphisms Vq s → Vq r of vector bundles.
Consider now ℓ complex vector bundles E 1 , ..., E ℓ over Σ with unitary connections A 1 , ..., A ℓ and ranks N 1 , ..., N ℓ . Introduce a complex vector bundle E = ⊕ r E r ⊗V qr over Σ × X of rank
N r q r (4.11) and assume c 1 (E) = 0 without loss of generality, so that the structure group of E is SU(N ). The matricesĨ (4.12) are generators of a reducible unitary representation of the group U(k) on the complex vector space V ∼ = C N . Introduce a gauge connection
on the bundle E := ⊕ r E r ⊗ C qr over Σ. It is obvious from (4.13) that [A,Ĩ i ] = 0.
On the bundle E → Y we introduce a connection 14) where X a ∈ su(N ) are matrices which depend only on coordinates of Σ and e a is the basis of 1-forms on X , a = 1, ..., 2k. Note that (4.15) Using (4.15) , for the curvature F of the connection (4.14) we obtain 4.18) and impose on F the Hermitian-Yang-Mills equations [7] (4.20) and * = r 2(k−1) * . Here ω = dτ ∧ η and Ω is the Kähler form on X ֒→ Z.
Ansatz for A on the space Z ′ with the metric (4.25) is the same as in (4.14) and lead to the same reduction (4.19)-(4.20) of the instanton equation. Solving these vortex equations, one obtains instantons on Z. One can simplify the task assuming that A η and X a depend only on τ = ln r and choosing A τ = 0. Then (4.19)-(4.20) will be reduced to equations similar to those which were considered in [20] .
Conclusions
We have examined in some detail the construction of instantons on cones C(M ) over nearly Kähler and nearly parallel G 2 -manifolds M initiated in [17, 18] and extended to cones over Sasaki-Einstein and 3-Sasakian manifolds in [1, 20] . Having at our disposal a reduced structure group H of a manifold M admitting real Killing spinors and the holonomy group G of the cone C(M ), we introduced a quiver bundle V over C(M ), determined entirely by the representation theory of the group G and H, and introduced a proper connection A on this bundle. The ansatz for A reduces the instanton equations on C(M ) to simpler matrix equations which can be solved in many special cases. It is of interest to construct new instanton solutions on C(M ) by using our generalized ansatz, and to lift them to solutions of heterotic supergravity along the way considered in [1, 23] .
We have also introduced a quiver bundle E over a Kähler-Einstein manifold of the form Σ × X and extended the Levi-Civita connection on the 2k-dimensional Kähler-Einstein manifold X to a connection on E parameterized by 2k matrices X a . We established an equivalence between solutions of Hermitian-Yang-Mills equations on Σ × X and solutions of some quiver vortex equations on Σ.
Recall that regular Sasaki-Einstein manifolds are U(1)-bundles over Kähler-Einstein manifolds and cones over them are Calabi-Yau spaces. Using this correspondence, we have introduced a connection on a quiver bundle E over smooth resolutions of (2k + 2)-dimensional Calabi-Yau cones. It is of interest to consider instantons on other special holonomy manifolds. 7 We hope to report on this in the future.
